Abstract: Recent studies on surface reflection illustrate how light beams can be laterally shifted from the position predicted by geometrical optics, the so called Goos-Hänchen effect. In antiferromagnets this shifts can be controlled with an external magnetic field. We show that a configuration in which spins cant in response to applied magnetic fields enhance possibilities of field controlled shifts. Moreover, we show that nonreciprocal displacements are possible, for both oblique and normal incidence, due to inherent nonreciprocity of the polariton phase with respect to the propagation direction. In the absence of an external field, reciprocal displacements occur.
Introduction
Nonreciprocity has been extensively studied for antiferromagnetic structures in the presence of an external field B 0 . Effects have been shown theoretically [1] [2] [3] [4] [5] [6] and experimentally [7] [8] [9] [10] , one of the most important being that associated with optical reflection. Nonreciprocity of reflection implies that the properties of the reflected beam for an angle of incidence +θ 1 differ from those for an angle of incidence −θ 1 . Affected properties include the intensity [5, [7] [8] [9] 11] and phase [6] of the reflected beam, which can change or enhance optical effects. The nonreciprocal Goos-Hänchen shift on reflection from antiferromagnets is a particularly interesting effect [12] . The Goos-Hänchen effect can be considered as a lateral displacement of a reflected beam at a boundary between two different media. This concept was first investigated experimentally by Goos and Hänchen [13, 14] , even though Isaac Newton had predicted such a shift in the reflected beam centuries earlier. There are several studies of such a shift on the external reflection from materials such as photonic crystals [15] , multilayered structures [16] , metal-dielectric nanocomposites [17] , and weakly absorbing media [18] . Tunability of the Goos-Hänchen shift has been explored in terms of temperature [19] and applied electric field [20] dependence in the case of reflection from metal-dielectric composites. In the case of reflection from naturally occurring materials, there exist Goos-Hänchen shifts associated with the plasma response in metals [21] [22] [23] and the far infrared phonon response in crystals such as quartz [24] .
In the case of the Goos-Hänchen shift associated with reflection from antiferromagnets, the effect stems from the fact that, at terahertz frequencies, the magnetic component of electromagnetic radiation can interact with the spin precession near magnon-polariton resonances. The resulting shift may become nonreciprocal in the presence of an suitably applied external field B 0 . Up to now, studies of Goos-Hänchen shifts in reflection from antiferromagnets have considered only the situation where B 0 is applied along the anisotropy axis, perpendicular to the plane of incidence [12, 25, 26] . In the present work we consider an antiferromagnet in an alternative configuration in which, in the absence of an external field, coupling to the precessing spins only occurs at oblique incidence, leading to narrow reststrahl regions. We consider the resulting Goos-Hänchen shifts in this case, and study the effect of applying an external magnetic field perpendicular to the spin alignment direction, causing the spins to cant. Due to this canting, the resonance frequency is shifted to higher frequencies, and the beam displacement becomes nonreciprocal. Spin canting also leads to displacements at normal incidence.
The paper is organized as follows. Section 2 presents a theoretical background in which the antiferromagnet crystal geometry is presented and reflection from the antiferromagnetic surface is analyzed. Section 3 presents the study of the Goos-Hänchen shifts in the absence of a magnetic field. In Section 4 we consider the effects of an external field B 0 on the reflection from an antiferromagnet at oblique and normal incidence. Conclusions are given in Section 5.
Theoretical background
We are interested in the Goos-Hänchen shift for reflection at the boundary between vacuum and a semi-infinite antiferromagnetic crystal as aligned in the coordinate system depicted in Fig. 1 . The crystal's easy axis is oriented along x, parallel to the surface, and the incidence plane is xz. We also allow for a static field B 0 applied along the y direction, perpendicular to the anisotropy axis. 
Plane wave reflection from the antiferromagnet
We consider the situation where a field applied along y cants the spins at an angle α in the plane xy calculated in terms of B A (magnitude of the anisotropy field) and an exchange field B E (acting between the spin sublattices). The angle α is then given by
One can show that the antiferromagnetic resonance frequency is [2, 4] 
where ω r = γ(2B A B E +B 2 A ) 1/2 and γ is the gyromagnetic ratio. In our geometry the permeability tensor μ takes the form
We consider only s-polarized radiation (E-field along y, perpendicular to the plane of incidence). In this case, the relevant components are [2] 
and
The complex reflection coefficient r for reflection from an antiferromagnet in the present geometry is
Here the parallel wavevector component k x of a plane wave will be given by k x = k 0 sin θ 1 , where θ 1 is the angle of incidence and k 0 = ω/c. The wavevector components k z1 (in vacuum) and k z2 (in the antiferromagnet) are given by
respectively, where ε represents the dielectric constant of the antiferromagnet.
Goos-Hänchen shift on reflection of a finite beam
In the case of reflection of a finite beam, we can still base our analysis on plane wave reflection by considering such a beam as a sum of plane waves. Such a plane wave spectrum approach has been usefully applied to analyzing Goos-Hänchen shifts by McGuirk and Carniglia [28].
Here we summarize the resulting theory for application to the present case.
In this approach, we consider the electric field (directed along y) associated with the incident beam as a Fourier sum of plane waves in the form
where k x is the in-plane component of the wavevector associated with a particular plane wave and ψ(k x ) is a distribution function representing the shape of the beam. The electric field distribution the incident beam at the surface, which we define to be at z = 0, ia given by
and the electric field distribution of the corresponding reflected beam at the surface is
r(k x ) represents the complex reflection coefficient, which we can represent as
where ρ(k x ) is the reflection amplitude and φ (k x ) is the associated phase change on reflection.
If this phase change varies with k x , interference between the reflected plane waves will be different from that for the incident waves, leading to a change in the reflected beam profile. This typically manifests itself as a lateral shift of the reflected beam [26,28,29] associated with derivative of φ (k x ). To see this, consider a wide beam. In this case, k x assumes a narrow range of values centered around k x = k x0 , where k x0 = k 0 sin θ 1 , the angle θ 1 being the effective incident angle of the overall beam. If we now expand ρ and φ as a Taylor series around k x = k x0 , Eq. (12) can be approximated to
where r(k x0 ) is the reflection coefficient of a plane wave whose angle of incidence is θ 1 . The integral representing the profile of the reflected beam in Eq. (14) is the same as that for the incident beam in Eq. (11) except that x has been replaced by x + D. Thus the reflected beam has, in effect, been shifted along the surface by a distance D, given by
Zero field Goos-Hänchen shifts
We now apply our theory to reflection of s-polarized radiation obliquely incident at a vacuum/MnF 2 interface. MnF 2 is a well characterized antiferromagnet that can be readily prepared and studied experimentally. As a first approach we take B 0 = 0. The permeability tensor is then diagonal and r reduces to
with k
In Fig. 2(a) we present the calculated plane wave reflectance R = rr * spectra, obtained using Eq. (16), for incident angles of ±60 • . Results with and without damping Γ are shown. In each case, there is no difference between the θ 1 = +60 • and the θ 1 = −60 • reflectivity, i.e. the reflectivity is reciprocal R(θ 1 ) = R(−θ 1 ). This is expected from simple symmetry arguments [1] . In the case when Γ = 0, k z2 is either wholly real or imaginary. In the case of k z2 real, propagation through the antiferromagnet can occur. These regions are indicated by shading in the figures. In the case of k z2 imaginary, reflection is total, with no propagation into the antiferromagnet. These are reststrahlen regions. For μ xx positive, the reststrahlen condition is 0 < μ zz < (1/ε) sin 2 θ 1 which, providing θ 1 = 0, is satisfied in a narrow frequency region [31] just above the zero in μ zz . In the configuration considered here, the reststrahlen region only exists at oblique incidence, and its width depends on the angle of incidence. In Fig. 2(a) it is seen that, in the zero damping case (dashed lines), the reflectivity is unity within this region and smaller elsewhere.
In Fig. 2(b) we show the Goos-Hänchen shifts calculated according to Eq. (15). In a similar manner to the result seen for reflectivity, these shifts are found to be reciprocal, which in this case corresponds to the relation D(+θ 1 ) = −D(−θ 1 ). In the absence of damping, the shifts are nonzero only in the reststrahlen region. This is similar to the behavior of Goos-Hänchen shifts associated with the phonon response in dielectric crystals [32] , and can be explained by the fact that in the propagation regions the phase is either 0 or π (i.e. r is wholly real) but in the reststrahlen regions it takes on other values.
Since the displacement D depends on the derivative of the reflected phase (Eq. (15)), it is useful to plot φ and ρ as functions of k x . In Fig. 2(c) we show φ (k x ) at the frequency marked as A in Fig. 2(a) (9.0103 cm −1 ) , and in Fig. 2(d) εμ zz . In the former case, corresponding to propagation regions, the amplitude ρ is less than 1 and the phase φ is constant at 0 or π, so that there is no displacement. In the latter case, corresponding to reststrahlen region behavior, the amplitude is unity, corresponding to total reflection, and the phase is continuously varying, leading to nonzero displacement. θ 1 = ± 60 • corresponds to reststrahlen behavior, resulting in the nonzero shift seen in Fig. 2 at frequency A. In the presence of damping, the phase in the bulk region is no longer strictly constant, so a Goos-Hänchen shift is also possible for lower angles of incidence, albeit most markedly in low reflectivity regions.
The lateral displacement of a Gaussian beam obliquely incident on a MnF 2 surface is shown in Fig. 3 . In this case the beam is given by Eq. (10) 
where 2g represents the beam width at the sample surface and θ 1 is the incident angle. We take g ≈ 2λ , where λ is the free space wavelength of the radiation. The results in 
Tunable shifts with B 0 = 0
Without an external magnetic field the effects associated with external reflection from an antiferromagnetic surface are reciprocal. When a field is applied, nonreciprocal effects, either considered with respect to reversing the sign of the incident angle or that of the applied field, are introduced.
The nonreciprocal behavior considered here is associated with the off-diagonal elements μ xz and μ zx of the permeability tensor. They are nonzero only due to the canting of the spins, which results in a small spin component along the applied field direction.
For the geometry shown in Fig. 1 , spin precession is mainly restricted to the yz plane, with the spins on the two sublattices precessing in opposite directions. However, when the spins are canted toward the y axis, one can consider that there is also a small amount of precession in the xz plane. In this plane, the precession direction is the same for both sublattices, but changes direction when the field direction is reversed. The antiferromagnet is thus gyromagnetic, with nonzero permeability components μ xz and μ zx whose signs depend on the field direction. If the incident field of the electromagnetic radiation has a magnetic component in the xz plane, therefore, nonreciprocal effects, such as nonreciprocal Goos-Hänchen shifts, may be expected in reflection.
Nonzero μ xz and μ zx values are also responsible for the nonreciprocal Goos-Hänchen shifts in the previously studied configuration in which the easy axis is taken parallel to the applied field, along y [12, 25, 26 ]. In such a configuration, however, they become nonzero without the necessity of spin canting. Noticeably higher fields are therefore necessary in the present case than in the previously studied one.
In Fig. 4 we show the effect on the Goos Hänchen shifts of applying an external field. The figure shows how the applied field shifts the resonance to higher frequencies and how the displacement becomes nonreciprocal D(+θ 1 ) = −D(−θ 1 ). The effect of the field on the displacement is distinctly nonlinear, and this appears to be associated with coupling of the incident radiation to surface resonances. In this paper we concentrate on the specific case of B 0 = 1.5 T. 
Oblique incidence
In Fig. 5(a) we show the reflectivity R for oblique incidence (θ 1 = ±60 0 ) reflection from an MnF 2 surface with an external magnetic field B 0 = 1.5 T. All features are now at higher frequencies than in Fig. 2 due to the higher resonance frequency ω ⊥ (Eq. (2)). In the case of Γ = 0 (dashed lines), both positive and negative angles of incidence give the same result. However, when Γ = 0, R(+θ 1 ) and R(−θ 1 ) are no longer identical. This is an example of the well-known result that the reflectivity is reciprocal in the absence of damping but can be nonreciprocal when damping is present [1, 3, 7, 8] .
9.14 9.13 9. In Fig. 5(b) we show the corresponding Goos-Hänchen shifts. It is immediately seen that the shifts are distinctly nonreciprocal D(+θ 1 ) = −D(−θ 1 ), either with or without damping. Furthermore, there are nonreciprocal shifts some way into the propagation region. Indeed, in the absence of damping, we observe the somewhat counterintuitive property D(+θ 1 ) = D(−θ 1 ) in this region. Alternatively one could say that, for some given incident angle, reversing the field direction would change the sign of D without changing its amplitude. This result has also been shown for the case of the easy axis perpendicular to the plane of incidence [12] .
In Fig. 5(c) we show the reflected phase φ as a function of k x at the frequency marked as B in Fig. 5(a) (9.125 cm −1 ). In 5(d) we show the corresponding amplitude ρ. The nonreciprocal phase behavior is similar to that discussed by Dumelow et. al. [6] , and leads to nonreciprocal Goos-Hänchen shifts. For smaller incident angles, corresponding to transmission region behavior (−0.6 < k x /k 0 < 0.6), the amplitude is less than unity in the absence of damping, as in the zero field case. However, the phase is no longer simply 0 or π in this region. It is in fact antisymmetric about k x = 0, so that φ (k x ) = −φ (−k x ). This can be shown by resolving Eq. (7) into real and imaginary terms (recalling that μ xz is imaginary in the absence of damping, all other terms being real), and leads to equal derivatives for positive and negative k x , giving the result discussed above (D(+θ 1 ) = D(−θ 1 )) for the transmission region frequencies.
For the situation shown in Fig. 5 we are interested in the phase derivative at θ 1 = ±60 • (shown as red arrows in Fig. 5(c) ). This corresponds to reststrahlen behavior, as anticipated from Fig. 5 . dφ /dk x is clearly nonzero and its magnitude is different for positive and negative angles, in agreement with Fig. 5(b) , in which nonreciprocity in the Goos-Hänchen shift can be seen. In the absence of damping the amplitude values ρ for positive and negative values of k x are exactly the same, confirming the results already discussed in relation to Fig. 5(b) .
Using the plane wave spectrum model represented by Eqs. (10) and (18), we can simulate a Gaussian beam reflected from an antiferromagnet specimen (as in Fig. 3 ) in the presence of a nonzero external magnetic field. In the present case we are using the same conditions as in Fig. 5(c) . In Fig. 6(a) , we show results for a positive incident angle θ 1 = +60 • , corresponding to a small displacement of approximately +0.03 cm, as expected from Fig. 5(b) . In Fig. 6(b) we show the case for θ 1 = −60 • . In this case we can observe a displacement of about -0.1 cm (i.e., D −λ ), which also agrees with the results shown in Fig. 5(b) . Thus, although the sign of the displacement has changed, as expected, the amplitude is considerably larger than in the θ 1 = +60 • case, confirming that the Goos-Hänchen shift is nonreciprocal. 
Normal incidence
We now consider the possibility of a normal incidence Goos-Hänchen shift of the type discussed by Lima et. al. [25, 26] for the case of the antiferromagnet easy axis parallel to the applied field. In the absence of an external field, the reflected phase is reciprocal [i.e., φ (+k x ) = φ (−k x )], so dφ /dk x will be zero at normal incidence (k x = 0), resulting in a zero shift. In fact, as discussed in Section II, there is no reststrahlen region associated with normally incident radiation, and no magnon-polariton related phenomena are expected. In the presence of a nonzero external field, however, due to the more complex nature of the permeability tensor represented by Eq. (3), a narrow reststrahlen region does appear at normal incidence. This can be seen from Fig. 7(a) , which shows the normal incidence reflectivity in the presence of a an applied field of 1.5 T, i.e., the same configuration as in the Fig. 5 but at normal incidence. We can see that there is a narrow reststrahlen region, centered around 9.12 cm −1 . In this region, the reflectivity is unity in the absence of damping, although it is considerably less in the presence of damping. Figure 7 (b) shows the normal incidence Goos-Hänchen shift, which is nonzero both inside and outside the reststrahl region. At frequency B, in the bulk region, there is small negative shift, as predicted from Fig. 5(c) . At frequency C (9.1204 cm −1 ), within the reststrahlen region, however, a considerably larger displacement of about -0.05 cm is observed with a reasonable reflectivity.
9.14 9.13 9. The reflected phase φ (Fig. 7(c) ) and the amplitude ρ (Fig. 7(d) ) are shown, as a function of k x , for frequency C. The dashed lines show results without damping and the solid lines show results with damping included. At this frequency, reststrahlen behavior is present for all incident angles, so the amplitude is always unity, ignoring damping. It is seen that φ (k x ) is nonreciprocal and has nonzero derivative when k x is zero, with or without damping. This results in a significant nonzero Goos-Hänchen shift consistent with Fig. 7(b) .
The lateral displacement at frequency C (see Fig. 7 (a)) can be seen in Fig. 8 where we show the beam intensity profile (i.e. |E| 2 ) of a normally incident beam. For this simulation we use the model described by Eqs. (10) and (18). However, when θ 1 is equal to zero, the function ψ reduces to
For a normal incidence we increase the width of the beam to g ≈ 5λ in order to better simulate the wide beam approximation inherent in Eq. (14). We can see clearly from the resulting profile in Fig. 8 that there is a shift of the reflected beam at the sample surface in accurate agreement with the result shown in Fig. 7 , based on Eq. (15). The vertical solid line represents the center of the incident beam at x = 0, and the vertical dashed line represents the center of the reflected beam, which is slightly dislocated to the left (x = −0.04 cm).
In addition to using Fig. 7 (c) in interpreting normal incidence results, we make some additional observations with regard to its use in interpreting Goos-Hänchen shifts at oblique incidence at frequency C. Firstly, at this frequency, it is seen that dφ /dk x is always positive regardless of the sign of k x , so the sign of the shift should always be negative regardless of the sign of the incident angle (alternatively, reversing the sign of the applied field would always change the sign of the shift). We can see this using the example of θ 1 = ±60 • , already considered in the previous section. at frequency C. For θ 1 = +60 • , there is a very small negative displacement, reflecting the fact that the derivative of φ (k x ) is small and positive. For θ 1 = −60 • , there is a somewhat larger negative displacement, as predicted from the derivative of the φ (k x ) curve in Fig.7(a) .
A second observation with regard to this figure concerns a comparison of the phase behavior in Fig. 7(c) with the amplitude behavior in Fig. 7(d) . As can be seen, the amplitude turns out to be extremely nonreciprocal when damping effects are included. In fact it reaches a minimum within the negative k x regime where the phase has a large derivative, i.e. where the shift D will be large. When this occurs, both k x and D are negative, i.e., they are both in the same direction, resulting in what would normally be described as a positive Goos-Hänchen shift. This implies an increased penetration into the antiferromagnet, so it is reasonable to expect a higher absorption. In the case of a negative Goos-Hänchen shift (positive k x ) there is less penetration, and hence less absorption [12] .
Conclusions
We have considered the reflection of terahertz radiation from an uniaxial antiferromagnetic crystal (MnF 2 ) with its uniaxis in the plane of incidence, parallel to the antiferromagnet surface. We find that large Goos-Hänchen shifts (D ≈ 0.2 cm ) for external reflections from an antiferromagnetic crystal are possible. Using an s-polarized terahertz beam, we show that, in the absence of an external magnetic field, these shifts are reciprocal (D(+θ 1 ) = −D(−θ 1 )) and only occur in the reststrahlen regions. These reststrahlen regions only exist at oblique incidence and are much narrower than when the spins are perpendicular to the plane of incidence (the case studied by Lima et. al. [12] ).
We have shown that a magnetic field B 0 externally applied perpendicular to the uniaxis can induce nonreciprocity. This nonreciprocity is associated with a spin component parallel to the applied field. This particular spin component only exists due to canting of the spins, and for this effect to be evident somewhat higher fields than in the previously studied case, in which the uniaxis is parallel to the field, are necessary. The magnitude of non-reciprocal effects is largely associated with coupling of the incident radiation to surface resonances, and this aspect deserves further study.
